In this paper we prove a generalization of the Hilbert Theorem in terms of quasi-polynomial functions. As an application we give an extension of the Hilbert-Samuel Theorem to finitely generated A-modules filtered by f-good filtrations, where f is a noetherian filtration on a noetherian ring A. We deduce a multiplicity function on the category of finitely generated A-modules with values in the set Q of rational numbers and we show that this multiplicity behaves like that of ideals.
Introduction
The Hilbert function of a graded A-module M, its generating function and the Hilbert polynomial of M have been extensively studied since the famous paper of Hilbert: iiber die Theorie der algebra&hen Formen, Math. Ann. 36 (1890) 473-534. In particular the coefficients and the degree of the Hilbert polynomial of A4 play an important role in Algebraic Geometry. The recent development of Computer Science have enhanced the importance of this subject. The purpose of this paper is, in a different direction, to extend the Hilbert-Samuel Theorem to finitely generated A-modules filtered by ,f-good filtrations, where f is a noetherian filtration on a noetherian ring A. This enables us to define a multiplicity function on the category of finitely generated Amodules with values in the field Q of rational numbers which behaves like that of ideals. The main result of Section 2 is Theorem 2.7 which is a generalization of the Hilbert Theorem in terms of quasi-polynomial functions. In Section 3, we give at the beginning preliminary results on modules which are filtered by f-good filtrations, a concept which was introduced by Ratliff and Rush [6] and which is a generalization of the concept of Z-good filtration. This notion has proved to be a useful tool to answer many questions in the theory of filtrations. We prove Theorem 3.4 which is the main result by applying Theorem 2.7 to associated graded modules with respect to f-good filtrations. This paper ends with Theorem 3.10 which is the semi-local version of Theorem 3.4.
Hilbert functions of graded modules
Definition 2.1. Let A = @ n>O A, be a positively graded noetherian ring. Then A0 is a noetherian ring and A is a finitely generated As-algebra of the form A = Ao[x,, . . . ,xr], where each xi is homogeneous of degree ki > 1. Let M = enEL M, be a finitely generated positively graded A-module. Then each homogeneous component M,, of M is a finitely generated As-module. From here, we will assume that A0 is an artinian ring. Let IA( -) denote the length function on the A-modules. Then BAG is finite for all n. (ii) cp is of polynomial type of degree < d
The following theorem is well known, see for example [3] , Theorem 4. 
c hl, = M, and graded prime ideals P of A such that Mr/Mi_ 1 E (A/P)(ai)
for i = 1,2,. . ,s where ai E L for
Since the function H(A4, -) is additive we have H(M,n) = c';=, H((A/P)(ar),n). Since

H(A/P,n)
> 0 for all n, each polynomial associated with the function H(A/P, -) is the zero polynomial or has positive leading coefficient and the degree of the sum of such polynomials is equal to the maximum of their degrees. We may therefore assume that M = A/P, where P is a graded prime ideal of A. 
Replacing II by (n + 1)k + j, we have 
@ = (Z"M), where Z is an ideal of A then we write (?f(A) = G!(A), G@(M) = G[(M). (4) A filtration f = (In) on A is said to be noetherian if its Rees ring %?(A, f) = EnEn
Z,X" is noetherian. Following [5] , this can be equivalent represented as: There exists an integer m > 1 such that I,,,,, =I,,,Ij for all j > m.
Note that if f is noetherian, then Gf(A) is noetherian since Gf(A) z E(A, f )/( l/X)
WA,f )).
In the sequel f will denote a noetherian filtration on a noetherian ring A and @ a f-good filtration on a finitely generated A-module M.
Lemma 3.2. Under the above conditions, Go(M) is a,finitely generated Gf(A)-module.
Proof. By Let G = (Go, G1, . . , Gk-i ) (resp. R = (Ro,R,, . . . , Rk-1)) be the quasi-polynomial associated with the function H*(G@(M), -) (resp. H*(G,,u(M), -)). It follows from (*)
above that Go(n -N) 5 Ro(n -N) < Go(n) < Ro(n), for all n >> 0 and n E 0 (mod k).
This shows that deg G =deg Go = degRa = degR, and also that Go and Ro have the same leading coefficient. The conclusion follows from Theorem 2.7, 2. 0 Nevertheless the corresponding multiplicity function behaves as expected, as shown in 3.8 and Proposition 3.9.
The following example is an illustration of both Remark 2.4 and Theorem 3.4. 
